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THE PLOW OP A COMP.RSSSIBLE FLUID 
PAST A CIRCULAR ARC PROFILE 
By Carl Kaplan 



SUMMARY 



The Ackeret iteration process is utilized to obtain 
higher approximations than that of Prandtl and Glauert 
for the flov: of a compressible fluid past a circular arc 
profile. The procedure is to expand the velocity poten- 
tial in a pov/er series of the cajnber coefficient. The 
first two terms of the development correspond to the 
Prandtl-Glauert appro.xlmation and yield the v/ell-knov/n 
correction to the circulation about the profile. The 
second approximation, involving the square of the camber 
coefficient. Improves the velocity and pressure fields 
but yields no new results with regard to the circulation 
since the circulation about the profile is an odd func- 
tion of the camber coefficient. The third approximation 
involving the cube of the coxabex' coefficient, permits 
the use of higher values of the camber coefficient and 
furthermore yields an improverr].ent to the Prandtl-Glauert 
rule with regard to the effect of com.pressibility on the 
circulation of the circular arc profile. Numerical 
exam.ples with tables and graphs illustrate the results 
of the analysis. 



INTRODUCTION 



The calculation of the two-dimensional steady flow 
of a compressible fluid past a prescribed body can be 
per^formed by a method independently discovered by Janzen 
(reference 1) and by Rayleigh (reference 2), vvhich con- 
sists in developing the velocity potential or the streain 
function according to powers of the stream Mach number. 
The first approximation is the incompressible case and 
the succeeding approximations represent the effect of 
com.presslbillty. The m.ethod has in recent years been 



2 



NACA ARR No. LLj-Gl^ 



successively improved by Poggi (reference 5), by Imai and 
Aihara (reference Ij.), and by the present author (refer- 
ence 5). Although the method can be applied to an arbi- 
trary profile, it suffers from the practical restriction 
to small stream Mach numbers, because approximations 
beyond the second or third entail a prohibitive amount of 
labor. 

For the flow past a profile of small thickness, 
camber, and angle of attack, Prandtl (reference 6), 
Glauert (reference 7), and Ackerst (reference 8) obtained 
by various means an approximation . that applies to the 
entire subsonic range of velocity. The present author 
(reference 9) extended the method of Ackeret by an itera- 
tion process that takes into account the effect of thick- 
ness and applied the method to a particular family of 
symmetrical profiles. In the present paper, the effect 
of camber is investigated by a similar application of 
the method of reference 9 .to a circular arc profile. In 
the application of the method, it is desirable to avoid 
stagnation points so taat : the ■• variation of the local 
velocity from that of the undisturbed stream can be made 
small. For this reason the direction of the undisturbed 
stream is chosen parallel to the chord of the circular 
arc (ideal angle of attack) and the circulation about the 
profile is determined in accordance with the Kutta condi- 
tion; namelj, that the flow past the profile leave the 
trailing edge tangentially . The flow is syimmetrical fore 
and aft and the velocity remains finite at all points. 
The circulation in a coxapressible flow will be seen to 
be an odd function of the camber coefficient. In order, 
then, to obtain an improvement of the Prandtl-Glauert . 
rule, it is necessary to carry the iteration process 
through three approximations. 



THE ITERATION PROCESS 



The velocity potential 0{x, Y) of the two- 
dimensional, steady, irrotational flow of a compressible 
fluid satisfies the following differential equation of 
the second order: 

(o2 - u2) . auv °i . (=2 . v2) = 0 (1) 

^ ^ dx'- dXdY ^ ^ dt= 
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where 

X, Y rectangular Cartesian coox^dlnates in plane of flow 

u = — , V = ^ fluid velocity components along X and Y 
^'^ axes, respectively 

c local velocity of sound 

The local velocity of sound c is expressed in teriris of 
the fluid velocity q by means of Bernoulli's equation 

the equation defining the velocity of sound 

=^ = I '5) 

and the adlabatic relation between the pressure and the 
density 



p. = (p-Y 



In equations (2), (3), and {I4.), 

p static pressure in fluid 

p-j_ static pressure in undisturbed stream at infinity 

p density of fluid 

p-j^ density of undisturbed stream at Infinity 

q magnitude of velocity of fluid 

y adlabatic index (approx. l.i}. for air) 
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Per the adiabatlc case, equation (5) yields 




By means of equations and (5) Bernoulli's equation, 

equation (2), yields the following relations: 




v/here 

U velocity of undisturbed stream at infinity 

0^ , velocity of sound in undisturbed stream at infinity 

Mach nii}.nber of undisturbed stream at infinity 

Nov/, if the profile is held fixed in the uniform 
stream of velocity U and if a characteristic length s 
is assumed to be the unit of length and the stream 
velocity U is assumed to be the xxnlt of velocity, the 
fundamental differential equation (1) and the first of 
equations (6) become 




NACA ARR No. . L)4.G15 



5 



where X, Y, u, v, q, and now denote, respectively, 
the nondlmensional quantities x/s, y/s, u/U, v/U, q/U, 
and i^C/Us . 

The Iteration process consists in developing the 
velocity potential Cf in povv'ers of a parameter h, the 
camber of the circular arc profile. Thus 



md 



u = -1 - h - h"^ -~ - h^ —a 

6X dX 6X 



dY 



(9) 



(10) 



ll/hen these expressions for ^, u, and v, together 

with the e.xpression for c^/c^^^ given by eqtiation (8), 

are introduced into the fundamental differential equa- 
tion (7) and when the coefficients of the various powers 
of h are equated to zero, the following differential 
equations for " I'^sult: 



(11) 



(l - M,2) 



6X^ 6Y^ 



Z = 



Ml 



( , . 1) . ( r - 1) '-^ - 2 

^ 6X. 6x2 ^ cX 6y2 6Y dXdZ 



(12) 
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(1 - Mi^) 



f 



2 



6^: 



5. = 



2 Jl /^^!^lV 



(y + D 



6X- bT- 



2 V 



(y-i)-J^ + (y + 1) 



dX 



(y + 1) — f + (y-1) 



6X' 



6Y^ 



6X 



(y + 1) 



d2j^2 



dX 



2- 



+ (y-1) 



dY^ 



+ 2( =~ + + — — 

6X dY dXdY 6Y 6x6 Y 6Y 6x6 Y, 



(15) 



These differential equations may be put into more familiar 
forms by the introduction of a new set of independent 
variables x and y, where 



and 



X = X 
y = PY J 

/ 2^^/2 

(3 = (1 - Mi^) 



(III.) 



For M]_ < 1, equation (11) then becomes a Laplace equa- 
tion and equations (12) and (I5) become Poisson equations. 
Equation (11) replaces the fundamental differential 
equation (7) for flows that differ only slightly from the 
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undisturbed stream, and its solution yields the well- 
known Prandtl-Glauert result. The solutions of equa- 
tions (12) and (IJ) provide successive improverients in 
the approximation to the solution of a compressible-flow 
problem. 

For the present problem, the procedure to be fol- 
lowed in solving equations (11) to (15) is first to 
obtain the velocity potential for the incompressible 
case in the form of a power series in the camber coeffi- 
cient h of the circular arc profile. The solution for 
the first approximation of the compressible flow is 

then obtained by analogy from the form of the coefficient 
of h of the Incompressible velocity potential. The 
solutions of equations ^(12) and (IJ) for the second and 
third approximations ^2 ^-'^^ ^'^ follovi^ by a straight- 
forward procedure. The boundary conditions - that the. 
flow be tangential to the profile and that the disturb- 
ance to the main stream vanish at infinity - are satisfied 
to the same power of the camber coefficient h that is 
involved in the approximation for the velocity poten- 
tial J^. The calculations are laborious when more than 
tv/o steps in the iteration process are involved but the 
third step is necessary to obtain results that extend 
present-day knowledge. Most of the details of calculation 
are given in sppendixes ' in order not to obscure the 
presentation of the main results. 



RESunrs OP tke anal^^is 

Expression for the velocity/ potent ial.- The choice 
of the circular arc as the solid boundary was made for 
two reasons: (1) the solution of the Incompressible flow 
can be easily expressed in a closed form, and (2) when- 
the circular arc is fixed in a uniform' stream f lov/ing in 
a direction parallel to the chord and Vvhen the Kutta 
condition - that the flow leave the trailing edge tangen- 
tially - is applied, the velocities at the nose and the 
tail are finite and different from zero. No stagnation 
points occur, therefore, on the boundary or in the field 
of flow and a greater degree of accuracy in the iteration 
process is assured. AppendLx A contains the calculation 
of the incompressible flow past the circular arc profile 
and appendixes B, C, and D contain tha detailed calcula- 
tions for ^2.^ respectively. .The final 
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expression for the velocity potential 0 takes the 
following form: 

0 = - cosh S cos '0 - - h^i^fp - h^0^ - ... (I5) 

where , from equation ( B9 ) > 

^1 I (e^^^sln 2r) - 2r)) 
from equation ( CIJ ) , 

-^j(y+1) D^e'^+^^|l2+12D-Dj(Y+l)D+y e""^^^ cos 5^ 
and from equation (Di8), 
0^ = sin 2r) + G2(?>) sin 

ZT^ -^^^ sin 2r)-e sin i|T)} 

\^ cosh 2§ - cos ^T] / 

- [2Gi{0) + lfG-2(9)]r) 

In these equations 
1 - 

? 

P 

Gl(l>), Gr2^^^ ^ ^^-"^ functions of S given by equa< 

tions (D12), (Dl$), and 
(D19)^ respectively 

T) elliptic coordinates related to rectangular 

Cartesian coordinates X, Y by equations of 
transformation: 
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X = X = cosh ^ cos T] 
y = pY = sinh g sin r) 

Th e circulation c_o rr ect ion fo rmul a , > Equation (15) 
represents the scx!,utlbn "oT^-eFie fundamental differential 
equation (1) that satis.ties the boundary conditions at 
the surface of the circular arc profile snd at infinity 
insofar as the terms inclusive of the third power of the 
camber coefficient h are concerned. Each of the 
expressions ^2- ^^^^ ^5 obtained in closed 

form and are finite for all values of the stream Mach 
number M]_ from zero up to but not including unity. The 

Kutta condition, '\=vhich determines the circulation 
uniquely by stipulating a finite velocity at the sharp 
trailing edge of the circular arc, yields the following 
circulation "^correction formula (see equation (Djb): 



10 Ljl-f- . (Y . 1) Hl—liL (8 + 5p2) 




+ 



i (, . 1)2 ^i-^/i- (51 . p2) 

24 6^ 



h^ (16) 



where and are, respectively, the circulations 

in the compressible and incompressible flows. The incom- 
pressible circulation " is proportional to the first 
pov/er of h so that the compressible circulation 
is an odd function of h. The second approximation of P 
is therefore identical v;ith the first approximation and 
no departure from the Prandtl-G-lauert in:ile is obtained 
until the third pov/er of h is included. This result 
explains why the simple Prandtl-Glauert rule for the 
effect of compressibility, on the circulation or lift of 
an airfoil has been very"^ satisfactory. 

For comparison, a formula analogous to^ equation (l6) 
has been obtained by applying the von Karman-Tsien 
velocity correction formula to the circular arc profile. 
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Prom reference 10 

% _ 1 -IX 



'^i i - 



where 

velocity of compressible fluid 

qj_ velocity of incompressible fluid 

2 

mi 

1^ = 



1 + (1 - U^) 



1/2 



By an elementary integration around the circle, corre- 
sponding conformally to the circular arc, the follov/ing 
relation is then obtained: 



£c _^ 1 - \i I 1 - UL^^^ cos^6 



1 + u"^/^ cos^ 



6 



[1 + 2ix^/2 (^^ + ain^s) + ccs^+sj^/^l 



(1?) 



where the angle 5. (see fig. 1) is related to the camber 
coefficient h by means of the equation 

tan 5 2h 

Table I gives values of the ratio ^^/^± for various 

values of the stream. Mach niomber and the cam.ber coeffi- 
cient hp calculated by means of equations (16) and 
(17)« Figure 2 shows the graphs of '^^/'^i as functions 
of Ml for various values of h. The curves based on 
the von Karman-Tsien velocity correction formula lie 
between the Prandtl-Glauert curve and the curves based 
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shows the graphs of ( — - 1 ) functions of 



for the thj^ee approximations for various values of the 
camber coefficient h. 

The critical velocity q^^,, defined as the va?Lue 
for which the velocity of the fluid equals the local 
velocity of sound, is obtained from the first of equa- 
tions (6) by putting q = c = q^^^ Thus 

^cr- ( 7-1 — ) ^25) 

The values of q^^^ are given in. table V in the column 
for v^hich the local Mach number is . unity. The ratio 
^crAi easily calculated for the various approxima- 
tions. The graphs of only the third approximation of 

- 1 are included in figure Table VI lists the 

^i 

first, second^ and third approximate values of the 

critical stream Mach number Mi , and figure 5 shows 

•^cr 

the corresponding graphs as functions of the camber 
coefficient h. 

The graphs of the third approximation of the maximum 
and minimum values of q^, obtained from tables III 
and IV, are shown in figure 6 as functions of the stream 
Mach number M]_. The constant local Mach number lines 
shovm in f igiire 6 are obtained from equation (8) by 
introducing the local Mach number M in place of the 
local velocity of sound c. Thus 



1 \l/2 



Y + J; 

\ 2 mV 



Note thet equetlon (21+) becomes equation (25) when 
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M = 1. Table V contains values of q for various 
values of M and M-|_. 

A comparison of the results of reference 9 on the 
compressibility effect of thickness and the results of 

the present paper on the compressibility effect of 
camber is of interest. For this purpose, a symisietrical • 
shape of reference 9 was compared with a circular arc- 
profile with the same incompressible maxim'um speed at 
the surface. Results of this comparison for several 
corresponding thickness and camber coefficients are given 
in table VII. The dashed curves in figure 6 are asso- 
ciated with the various syirmietrical shapes. For moderate 
values of camber and thickness the difference maj^ be seen 
to be negligible over the entire subsonic range. This 
observation indicates that, at least to a very good 
approximation, the effect of compressibility in the 
subsonic range can be considered to depend explicitly 
only on the incompressible- fluid velocity and the stream 
Mach mimber and to be independent of the shape of the 
profile. This result therefore substantiates the use of 
velocity cori^ection f orm_ulas such as the Prandtl-Glauert , 
the von Karman-Tsien, the Temple -Yarwood, and the Garrick- 
Kaplan (reference 11) formulas, which depend only on the 
incompressible fluid velocity and on the stream Mach 
number. 

In general, the velocity q at the surface of the 
circular arc profile may be v/ritten as follows: 




where, from equation (l8). 



P 



-2 + 



7 



2 



+ (y 
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^ - h Of 1 \/i - P"^ 
a.^ = --£- - 2(y - D' ^ 



ai. = 



= 8 



-| + Gj^iO) -H 2G2(0)j 

^1 + 2(3(2D + 5) + Oo(0) 

P 



Values of a-?^, ag- ^j^, cuid a^j for various values 

of the stream Mach nuinber M-^ are given in table VIII. 
As an exsinple of the behavior of the velocity distribu- 
tion over a circular arc profile as the stream Mach 
nioniber is varied, the case of h = with M-j_ = 0.5, 

0.5^ 0*7 is calculated and compared with the incom- 

pressible case- The calculated values of the velocity . 
at the upper and lovv'er surfaces of the circular arc 
profile^, h ^ C.O'), for the various values of are' 

given in table IX and the corresponding velocity- 
distribution curves are shown in figure 7* 



The pressure coefficient.- In the case of a uniform 
flow past a fixed bounciiry, the pressure coefficient is 
defined as 



'P. Ml 



P - Pj 



From the third of equations (6) it follovvs easLly that 



'P,M 



|- 1 + I 1 + I (y - 1) (i _ 



1 , 



(26) 



For the incompressible ce^se, M-^^ = Oj 



Cp,0 = 1 - 
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For the sonic case, q = q^,,, 



cr yM-l^ I 



L 







Y 


2 + (y - 


1)M;^2 




Y + 


1 





For the limiting case of ^absolute vacum, m = 
and q = | 



(Cp,S,) 



vac 



Table X gives associated valnes of the velocity and the 
pressure coefficient ^ for various values of the 

stream Mach number Mi and figure 8 shows the corre- 

sponding graphs. By rrieaiiS of table X and figure 8, the 
velocity readings from figures 6 and 7 ^^^^ replaced 
by the corresponding pressure coefficients. 
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APPENDIX A 



DETERMINATION OF THE COMPLEX POTENTIAL PLT^ICTION w 
The Incornprescrcle Plow past a GirciAlar Arc Profile 



Consider the mapping of a circle C« in the Z» -plane 
into a circular arc C in the Z-plane, (See fig. 1 /) 
If the center is at (0,.m) on the Y^-axis and the circle 
passes through the points (a^^O) and (-a,0) on the 
X^-axis, then the Joukowskl transformation 



Z = ^ (Al) 



maps the circle in the -plane into a circular 

iro C in the Z-plane, The equatioii of the circular 



arc la 



The parts of the .circle C^ lyirxg above and below the 
X»-axis correspond, respectively^ to the upper and lower 
surfaces of the circular arc C- The end points A and 
B of the circular arc are the points 

X ±2a • 

and the maximum ordinate is 

Y ^ 2a tan 6 



The chamber coefficient h is defined as the ratio of 
the maximi;im ordinate to the chord;, or 

n — r 

Ii.a 

= -;; tan 6 (AJ) 
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The complex potential of the flow past a circular 
cylinder. of radius R fixed in a uniform flow of 
velocity U at zero angle of attack and with a circu- 
lation r is given by 




{Ak) 



where 

Z'* = Z' - ia tan 5 

For the purpose of the present paper the circulation F 
must be so chosen that the stagnation points on the 
circle lie at the points X' = ±a corresponding to 

the leading and trailing edges of the circular arc C; 
that is, 

r = 8iTUah 

= 1|1TUR sin 5 (A5) 

Vtfith this value of the circulation inserted in equa- 

i9 

tion (A)4) and with Z^^ replaced by Re , the complex 
velocity at the surface of the circular arc C becomes 



'^^ • 1 - 216^9 sin 5 - e2i9 ^ ^ 



The magnitude of the velocity is 



^ /dw dw\^/^ 
\dZ dzj 

= u(l + 2 sin 8 sin 5 + sin^s) (a6) 



It is recalled that the upper surface of the circular 
arc is traversed in a clockwise sense as 9 goes from 
-6 to TT + 5 and the lower surface, as 9 goes from 
-(tr - 5) to -5. The velocity at the nose or tail is 
then given by 
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^nose ~ ^tail = ^ cos^e 
The m&ximm. imd ninim'yn velocities occvir at d = — and 

TT 

at 9 re3pectlve].y, and are given by 

W = U(l + sin 6)2 } 
%ln = U(l - sin 5)- 

Equation of Circular Arc as Power Series in h 

The equation of the circular arc, obtained from 
equation (A2) for the entire circle, is 

y = 2m - r + (r^ « x^)"^^^ (/^8) 

P p 
iTi a 

where r = is the redius of the circle. Exvan- 

ra 

sion of the radical In equation (il6) according to power's 
of x/r yields 

Y= 2m - - i -V - - ... (A9) 



2 r 8 r5 I6 



By use of h = -2- 



2 a 

a 2h 



^ 1 + l4h2 



= 2h - • 8h5 + 52h5 .... 
Then 'equation (A9) becones 
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X X Y 

Now, put = cos ^ and replace — and — by X 
'2a 2a 2a 

and Y, respectively. Equation (AID) then becomes 

Y = 2h sin2^ + 2h5 sin^2^ + 8h5 sin22^ cos 2^ + . . . (Ml) 

and 

~=-iai cos ^-l6h^ cos ^ cos 2^-l6h5 cos (1+3 cos h^) - ... (A12) 
dX 



Equation of w as a powrer Series in h 
Consider equation (Ak) with T = SirUah and 



R 



= a^(l + Ipi^). Then 



w 



.ufz" . a2 LUi^ 



- lj.iuah log 



R 



(A13) 



Now 

Z" = Z' - ia tan 5 
= Z' - 2iah 

Then by expanding the right-hand side of equation (AIJ) 
according to powers of h and replacing Z' by 

2 

mat ion (Al), it follows that 



obtained from the Joukowski transfor- 



w= -TJZ + 2iaUh ^'l - 



:i-i=__.v Z — =: =1 2 log i Z — i > + ... 

If w/2aU and Z^/Sa are written;, respectively, - w and 
then 



w = -Z" + ih <1 - 



Z-(z2-l) 



1/2- 



2 log 



Z+ i 



(z^-i) 



1/2 



j> + ... . (AlU) 
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From equation for v/ and a corresponding equation 

for the complex conjugate w, the nondimensional velocity 
potential becomes 

^ Ih / \^^'^ 

0= .XH--v[z-(z--i) 



.|Z-(Z -l)- I - 2 log 

z*(z--i) 1 



(A15) 
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APPENDIX B 



DETERMINATION OP THE FIRST APPROXIMATION '^-j^ 



By means of transformation equation (11) for 



becomes 



A. + A. - 0 



6x2 ■_^y2 



(Bl) 



A comparison of the expressions for 0 given by equa- 
tions (9) and (AI5) suggests the assumption 

fr 

[ 

1 



+ 2 log 



Z + 



(.2 - 



(B2) 



where z = x + ly, s x - iy, and k is an arbitrary 
constant. Since this expression for 0-^ is the sum of 

a function of z only and a function of z only, it 
satisfies Laplace's equation (Bl). The arbitrary con- 
stant k Is to be determined from the boundary condition 

6^ d Y ^ 60^ 
6X dX *" dY 



or 



o 



Ox dx 



dy 



(B5) 



The expression for' 0, insofar as the first power in h 
is concerned, is 

= -X - 
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and, to the first power In h, fror.i equation (A12), 

= -kph cos 

dx 

The boundary condition, equation (BJ), then becoraes 
k^h cos = -fi^h 



S (El;) 



By definition x cos ^y, and from equation (All), to 

the first power in h, y = 2ph sin^-^. Hence, to the 
first power in h, 

z - cos + 2i.ph sln^-^ 
z = cos ^ - 2iph sln^^ 
= ccs'^'S' + lj.iph sin^^ cos 
z^ = cos^-^^ - l+iph sln^-^ cos ^ 

(z2 - l)^/^ = i sin ^ (1 - 2iph cos ^^) 

(z^ - ly^^ = -i sin ^ (1 + 2iph cos ^) 

,.214 ^ ^-214 



Then 



l|ph cos ^ = -2ikhp2 2 



i sin 



sin 



khB"^ cos 
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or 



1 
2P 



The expression for the first approximation of 0 is then 



= -X - ^ < 



1/ 



1/2 



+ 2 log 



z + 



1/2 



(b5) 



This expression for. 0 can be simplified considerably 
by Introducing elliptic coordinates § and rj. Thus, 
let 



z = cosh t 



(36) 



where 



Then 



= ^ -f ir. 



X + iy = cosh + l-r]) 

,= cosh 2, cos r] + 1 sinh c sin rj 



so that 



X = cosh £ cos 



4 



y = sinh ^. sin r) [ 



(B7) 



Equation (B5) can then be written 

1 
"2 



J2f= -i-(cosh t + cosh I) -~^""^^-e"2^ +2 log e^~^) 

2 p 



or 



^ = - cosh S cos T] - ^ fe"^£ sin 2r] - 2rj^ 



(b8) 



(B9) 
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that r ''^"^PJ^-^^^^^ equations (^15) and (B5) note 

that, if Pi and denote the circulation in the 

incompressible case and the compressible case, then 



Equation (BIO) is the well-known Pr-andtl-Glau^rt rnlo 
connecting the circulations (or lifts) in the incom- 
pressible and compressible cases. 

In order to utilize equation (69) for the cplr^ilp 
tions, tjie equations of transformation (B?) ir.ust'be 
inverted. Thus, ' 



cosh'^S sivi^g 



cos^T) sin^Tj 



> 



(BID 



J 

B'rom equations (Bll), 

2 sinh2§ = -b + (b2 + 4y2^^/2 
2 sin^T) = b + (b^ + i|.y2)V2 

where 

b = 1 - y2) 

By means of transformation (ill), 

2 sinh^e = -b + (b2 + i|.p2y2^l/2 

2 sin^T) = b + (b^ + kp2Y2y-/2 



(B12) 
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v/here 

b = 1 



- (x2 + ^V) 



In terms of the complex variables i and ^, the 
velocity components in the direction of the coordinate 
axes are 

6Gf 1 60 3. 60 



^ 6X sinli i t:t, sinl-i i 6t 

6Y \sinh t sinli t, 61 J 

Let 0 be given by equation (b8); then. 



> (313) 



u = -1 



ft . t 



> (BlU) 



V = b^ie cos Tj J 

Now, to the first power in .h, at the boundary, 

S = 0 

Hence., if and denote the magnitudes of the 

velocity at the surface of the circular arc profile for 
the compressible and the incompressible cases, respec- 
tively, then 

= 1 + sin ^ I 



^c 



q.t = 1 l^h sin ^. 



or, when h sin ^ is- eliminated, 
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where 



Equation (El6) represents the velocity-correction formula 
for the Pr&ndtl-Glauert approximation. Equations (Bl'^) 
can also be written as folloivsj 



Since the Prandtl-Glauert approximation is strictlTT- true 
for infinitesimal disturbances to the uniform stream/ 
equation (Bl6) may be replaced by the differential coef- 
ficient (from reference 11) 
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APPENDIX C 

DETERMINATION OP THE SECOND APPROXIMATION 

By means of transformation {ik) > the symbolic 
relations, 

N 



^ - 






6z 6z 


_ 


^i-.2 


6x2 - 


6^2 


c 


.. /6 


5?- _ 




6y2^ 


6z2 


62 _ 


^(^-^ 


6x6 y 


\6z2 



6z6z" 6z 



^2 



> 
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6' 



6262 6i^ 

.6LY 

6zV 



and the equation vof transformation (b6) 

2 = cosh L 



or 



z = cos 



(CD 



differential equation (12) for ^2 il^' expressed in 

terms of the complex variables t and t as follows: 
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OQ. 



I 




I S"^^ 



O 

o 



OQ 
O 

o 



■3 

M 
OQ 



CVJ 

O 

OJ 



03 



/O 



CQ 



CQ 

o 
o 



CI 




CQ 




OJ 

o 



O 

O 1 W 



OJ 



OJ 

03 



03 



CO 
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- 8p2 (e'^ -©'^(o*^ sinh t + e"^ sinh t) 
Finally, by putting ^ = J + 1t) and I =5 ^ - ir], 

+ (y+ l)(l - e-^cos 3t]') (C5) 



61 



COS r| 



The right-hand side of equation (CJ) suggests a solution 
of the form 

02 = .^^'^s -n + P3(£) cos 5r, (oil) 

By substituting this expression for 02 i^to equa- 
tion (C3) ^nd by equating the coefficients cf cos r\ and 
cos 3'n to zero, the follovn*.ng differential equations 
for Pj_(i,) and F^i^) S-^e obtained: 



r 



iil_p -i^LzPi <!_ |(y+1)- (Y-5)P'5e"^ + i+P^e-5S> (05) 
dg2 pit i I 



_ 9p = j^(Y + l) i— ^_ e-^ (C6) 



The solutions of these equations are 

2 (r . . 1 

p =:2i-r-&- <' (y + 1) - (y-5)P^ £e--+p23-5i + ^^^-£,v (c7) 
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= -I (T - (e-S . Aje-^S). (C8) 

where A-^ end are arbitrary constants to be dster- 

n^.ined by the boundary condition at the surface of the 
profile'. The other two arbitrary constants are taken 
equal to zero since and must vanish at infinity. 

In terms of the variables |. and r\, the boundary 
condition (Bj) takes the form 



(sinh^cos Ti^-cosh|,sin ri|^) g = p2(^^Q3i, ^ 3 

+ sinh^ cos Tjg^) {C9) 
where the velocity potential 0 has the form 
0 = ~ cosh S cos n - |(®'^~ 3^^- 2t) - 2ti) 

- h^^Pi cos T) + cos 5ti + T^^T]^ (CIO) 

and where Is an arbitrary circulation to be deter- 

minsd by tte Kutta condition at the trailing edge of the 
circular arc profile. 

In order to make use of the boundary equation (C9), 
the various functions of & and r;. appearing in equa- 
tion (010) must be expressed as functions of ^ ^^^}^~ 
ated at the boundary. Prom equations (All) and (A12/, 
the boundary. and its slope are now given by 

y = Zph sln"^^ + 8ph5 sin^-^ cos^^ + . . . 
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At the boundary then, with x = co3 when powers of h 
above the second are neglected, 

b = 1 - (x2 . /) 

= sin^^ - ij-p^h^ sln^^ 
Then, from equations (Bl2) 

sin% = sin^^ (1 + i;(3^h^ cos^^) 

cos^T) = cos^'^ (1 - i+p h sin 

sin 71 = sin ^ (l + 2p'^h^ cos^^) 

cos Ti = cos ^ (1 - 2p^h^ sin^^) 

sinh^^ = l+p^h^ sin^^ 

cosh^i = 1 + Ii.(3^h^ sin^;^ 

sinh ^ = 2ph sin ^ 

cosh S = 1 + 2p^h^ sin^^ 

e"^ = 1 - 2ph sin h + 2pV sln^^ 
. £ = 2ph sin ^ • 

When these expressions, with equations (C?), (C8), and 
(CIO), are utilized in the boundary equation (CS), the 
following results are obtained: 
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2 A. = 4 2(y + 1) 



1 - p2t 



. 1 



(Cll) 



The value of the arbitrary constant ^2 deter- 
mined in the following way. The magnitude of the velocity, 
when terras containing powers of h higher than the second 
§re neglected, is given by 



60 



1 .2(^Jif- + 'Ih 



or, in the variables I and T), 

q = l Cinh S cos t) cosh I, sin r\ 

cosh 2§-cos 2t) \ . o^/ 

. ^inh g cos ^^1-- cosh S sin ^ ^A') 



cosh 2c- cos 2ri \ 



(cosh 2£,- cos 2rj) 



— (cosh & sin t) -P-+ sinh £, cos ri l-L ) + . . . (C12) 
2 \^ 0§ Oti/ 



Prom equations (B9) a^id (CIO), 



j^i = I G'^^ ^^"^ " -^"^ 



and 



^ = P-j_ cos T] + P5 cos 51^ + 



(C15) 
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IT 



For the position of maximum velocity, ^ = 2' 



hh 2 



(1 + 2h)' 



(CI7) 



TT 



For the position of minimum velocity, ^ = - 2* 



1 - 



(1 - 2h)2 



.2 



(018) 
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1/2 



2 



(D2) 



\ = z + (z^ - l) 



Introduce new complex variables ^ and X, where 

^ = z - (z2 - l) 



i= z 
X 



1/2 
1/2 



V (D5) 



The relations between the complex variables X and X 
and the complex variables ^ and respectively, are 



\ = e^ 
XX = e^^ 



X = 



1 



X 



Then 



= —(-\ - 4 - 2 log 

Similarly, the expression for jZ^p* obtained from 
tions (Cl|), (C7), (C8), and (Cll7, is 

^2 = 2(D - E) log XX + D -^ + BC +D - 5S) ^ 



(D5) 



equa- 



(d6) 



X2x2 



x5x5 
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and 




From equations (D5) and (d6) with the use of equa- 
tion (D5), the following relations are obtained: 

? "I 

d ~ — 



NACA ARR No. lI|G15 



59 



- log X\ - — —^—o ^2 



X- 



n5 (x2 - l) 



2X2 . 1 



3^ K-:z.^^^2L±jt + 2kG 



5 



_ - 2 

/i ^ ^ + >^ ft- (x+ x).(x-x) 



and expressions for the corresponding conjugate complex 
quantities. 

\iyhen th<^ foregoing expressions are introduced into 
equation (Dl), and when equatloris (dI}.) are used to expre 
the various quantities in terms of the variables | 
and ri, the following differential equation for is 
obtained: 



ss 



ho 
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= 8opD(D +1) + 8pd2(y + i)(6d + 1) + (5D^(y + 1)^ 
= -192(30^ - 52Pd5 (y + 1) + 12PD^(y + 1)^ 
= -6opd5 (y + 1) - 15PD^"^(Y + 1)^ 

A^q2 = + i^SpD^ (y + 1) + 6pD^(Y + 1)^ 

= (y + 1)^ (15D + 8) + I+PD^ (y + i)(7D + 9) 
= 96pD^- - i6pd5 (y 1) - 10pD^(Y + 1)^ 

A^^ = U8(3d5 (y + 1) - SPD^(Y +1)^ 

Ag^ = -221+pd2 - i6pd5 (y + 1) + 22fW-^ (y + 

A;L0^ = -Si+pD^ (y + 1) - 21PD^(Y + 1)^ 

A^2^ = l28pD^ + 6[|.(3d5 (y .+ 1) + 8i3D '* (y + 1 ) 

= -8pD^ [(y + 1) D + ]+]" 
Bji^^ = -12Pd5 (y + 1) Ry + 1) D + 1+] 

Bg^ = i6pD^ |_(y +^ d + y 

B2^i- = 12Pd5 (y + 1) [jY + 1) D + l+j 

B^^ = -i6pd2[(y + 1) D + IJ^ 

= -20(3d5 (y + 1) [(y + 1)D + 1+] 

Bch = 2i^.pD^[(Y + 1) D + kf 
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Ci = l4.(iD2[(Y + 1)D + 2] [(y + 1)D + 

C2 = Spd^Ijy + i)d + ly 

Di = i+PD2[(Y + 1) D + 2j 

D2 = Pd5(y + 1)0^+ ^-^^ • 
.5 



= 2pD^ (y + 1) 
Note that 



2 = -2B 2 = -B, ^ = i. Bn^ = 2A,,^ = Z A, 



and 



The right-hand side of equation (D?) suggests a 
solution of the form 

00 

J2f, =Gt(S) sin 2n+G2(J;) sin Ur) + ^ .Gn(^) sin 2nr, (d8) 
^ n=5 

■«hen this expression for 0. is inserted in the left- 
hand side of equation (D?) and the coefficients of 
sin 2r\, sin i+r,, and sin 2n'n are equated to zero, the 
following differential equations for G]^(i,), G2(i5)* 
and G^(g) result: 



♦ Ag=e-8£ * AioSe-l'* (W) 
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D1-D5 



Il-pD^ (y + 1 ) 



+ D2 + + Dj^ 



D2 -D]^ 



PD^ (y + 1)^ 

PD^ (y + 1 )^ + h^^^ (y + 1 ) = ^(ci - C2) 



The arbitrary constants k^, k2, and k^ln ^5) are 
to be detet-mined by the boundary condition at the sur- 
face (the boundary condition at infinity is taken care 
of by mitting equal to zero "the other set of arbitary 
constants that normally appear in the solutions ol lin 
second-order differential equations with constant coei 
ficients). It is now anticipated that the arbitrary 
constants k^ are independent of n and equal to k, 
say. Then 



^ Gj-^ sin 2nr\ ~ Cj - 





(DI5) 



where 
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from equations {C$), (C6), (C?), and (ClO), 

(Y + l)DV^ + ^«fl2+12D-D[(Y+l)D+lI)\e-5^ cos 3r\ (Dl?) 



where 

and, from equations (d8), , 



- e"^^ sin 2t)- e~^^ sin l+r,^ + r^T] 



(Dl8) 



where G^i^) and G-^CS) are given by equations (D12) 
and (DI5), respectively, and G(^) oan be written 

G( g) = ^ Je^^ - v^JK ^e^S + (" ^ + ^ V^k) - K.K - ij- v'Jk)^ 
+ KS^ - Je-2^ - VjK ^e"^^ - ^ ^ - 2J - i| v^) e"^^ 
+ I K^e-^^-i/iK e-<^^ + ^ Ke-S^+k (D19) 

with 

J = PD^ (y +1)^ 

K = Pd2[(y + 1)D + 1+]^' 

v'JK = Pd5 (y + 1)[(y + 1)D + 
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The arbitrary constants k-^ , and k appearing in 

the expressions for Gi, Q2> ^> respectively, are 

determined by the boundary condition at the surface of 
the circular arc profile. The value of the arbitrary 
circulation is determined by the Kutta condition at 

the trailing edge - that the velocity there be finite. 

In order to evaluate the various terms appearing 
in the boundary condition, equation (G9), the follov^/ing 
relations are necessary: From equations (All) and (A12) 

y = p^2h sin^^ + 8h^ sln^^ cos^:^) + ... . 

^ = -kSh cos ^ - l66h^ cos ^ cos 2^ - ... 

dx 

Prom equation (B12)" 

b = sin^^ - p^(j4h^ sin^^ + 32h^ sln^ cos^^) + ... 
sinh I - 2ph sin ^ jl + ipi^ cos^^ - p^h'"(2 cos^^ + sln^^yj + .. 
cosh § = 1 + sin^^ + ... 

e^ = 1 + 2ph sin * + 2p^h^ sin^^ 



+ 2ph5 sin ^ i^. cos^^ - ^^^2 cos^* +sin^) 



+ ... 



= 1 - 2|3h sin ^ + 2p^h^ sin*^^ 



- 2ph5 sin 



if cos^^ - 



^ = 2{3h sin ^ + 2ph5 sin ^ L|. cos^^ 
- p2 (I sin^'^ + 2 cos^^ + sin^^) 

sin n = sin ^ (l + Sp^h^ cos^^) + ... • 
cos Ti = cos ^ (l - 2pV sln^^) + ... 



+ . . . 



50 
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men the expression ,for 9^ given by equation (DI6) 
is substituted into the boundary condition, equation [L)^ ) , 
the - ■ -- -5 



coefficient of h^ on the left-hand side is 



J pD [( Y + 1) D + y - Up + cos ^ + I -2|?d[( D B ^ u] + 2p - 5?^ j. cos 3^ 

r - - ^ ' 

I 

a the coefficient of h^ on the right-hand side is 



ana 



"-6- 22. D.I d2 -il -i5 1) . 21^ (y+ 1)2 

5 3 5 ° 



5iD^(Y + l)2 + ^~icos^ + ^ 



5 .7 ? 



.|Li^(^.l).p(Y^l)2^^D^(Y^l)'- ("''''p'"' ^ 



COS 3^ 



~7-UD+i^D2(Y + l)+I^(Y+l) +|d^(y+1) +5 0^(y+1)' 



.2k2 + 2k 



cos J'^ 



(D21) 
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In obtaining expi-'ession (D21), the following rela- 
tions were utilized: 

G. (0) = -~ PD + ^ PD^ + I pD^ (y+ 1) + ^ (3d5 (y+ 1) 

^ ■> y 'j ■> 

^5- j3D^{Y+l)' +ki 
G2 (0 ) = -pD^ - 52pD^ ( Y + 1 ) - I PD^ (y + 1 ) 



G(0) = - PD^(y+ + 1 Pd5(y+ 1) - PD'""- + k 
16 



> (D22) 



+ ii Pd5 (y PD^-^ (y -i- 1 )~ - 2k3_ 

(1^ ) = K pD- + 6 pD^ ( Y + 1 ) - I;.Pd5 (y 1 ) 

+ ^- Pd5(y+1)^ -^?^- PD^(Y + l)'^"~i4-k; 



Ey novating the coefficients of cos ^ cos 5-^, 
ani CO'. ai^pearlng in exp:-o^>sions (D20) and (D21), 

th3 f oil-)v'lr]g equations for the arbitrary constants k]_, 

and k are obtained: 



52 
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+ ^d5(y+i)+2d5(y + i)^ + ^d^(y+i)^ (D25) 



. iD-(Y+l)-^D5(Y+l)-|D5{y+l) 



16 



(D21.) 



ir-2kp + 21c) = 4 R Y + 1) D + iTl + -I ^ ^'^ ■ ^ ^ ^ ^ 

-d5 (y 1 )• - 1 d5 ( y + 1 4 (y + 1 )^ (1^25 ) 

Kote that the si:ir. of equations {DZk} and (D25) yields 
t-jc^tion (D25). £0 that these equations for k-i_, i^2> ■ 
and k a-e not indsfendont . Hence, one of the constants, 

I, 13 ent:l rely arbitrary. It will be seen in the 
f^'.iTov-in'^ r'is-u^sion that the arbitrary disposal or K 
13 nrcesSary in oidS/that no Int'lnlte velocities occur 
on the circular arc proflxe. 

The velocity components along the X and Y axes 
are given by 



2 / g cos T) cosh ^ sin n 1^ ) 

6X cosh 2e-cos 2r]\ Og ° ' ^ 



u = 



(D26) 



. Uosh § sin Ti sinh ^ cos ^ J 

f^Y cosh 2^- cos 2n \ 
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Along the chord of the circular arc profile, ^ = 0; 
equations (D26 ) therefore, become 



u = - 



' 1 ^0 
sin r\ dr\ 



sin Ti 



(D27) 



By mean3. of equation (Dl6) for 0 and the expressions 
for 0-^, and 07^, it follows easily from equa- 

tions (D27) that 

^ = ^ 1^ sin r + h''- -!l2 cos 2n + D r(Y + 1)D+ (2 cos 2r)-l)\' 
P - • L u « J 

+ _Jii_. j2G-| (0) cos 2n + Ii.Gp(0) cos lin +r,l 
sin Tj-L. ^- <J 



h3 



. sin ri 



G(0) 



-2 cos 2ri - I|. cos I+t) - cos T) 



COP 2' 



2 3ln'^"'n 



+ . . t 



(D28) 



V = ijh cos r]+h^h!^ (2D 



+ 5) sin 2T]-2ph^ cos rj 



+ 2 



1.2 cos 2n^ 



+ 2G(0)(1 + li. cos 2ti) 



+ . . . 



(D2.9) 



the trailing edge, Tj = tt or -sin ti = 0. Hence, 
according to equati,bns (D28.) and {D29), an infinite 
velocity seems to qccur there. The Kutta condition at 
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the trailing edge, iiQwever, demands fhat the velocity be 
finite. Prom equations (d22) it ir .te'-n t.-^.at = 0 

so that the velocity component v is finite on the^ 
boundary. The velocity component u can be rendered 

finite by showing that the coef f icier.it 5 of in 

sin T] 

equation (D28) can be made to equal z.ero when t; = 0 
or TT. Thus, since the constant k occurring in equa- 
tion (DI5) is ax'bltrary, it can be chiosen so that 
G(0) = 0. Again, if the first coefficient of 
h5 

— ; in equation (D28) vanishes f 01 » n = rr, then the 

sm r] 

circulation constant 

= -2Gi(0) - 1^X32(0) (D30) 

where GiiO) and GgCO) are given -^.y equations (D22). 

The arbitrary constant k has ..)een determined by 
the condition G(0) = 0. Prom equations {D22), therefore, 

I = g D^-(r + 1)2 - I uUr + 1) + (D51) 
and from equations (D23) and (D25), r respectively, 

!^=^[(r.i)D.iy.i.i2.|..k,2,ri^^2(^,,^ 

+ ^ d5(y + 1) +2d5(y + 1)2 + ^ cA(^^.M)2 (j^^g) 



k 



f = - -~r(Y + l)P + i|l -2D + d2 + 2d2 (y + 1) -d5(y + 1) 

+ i.D5(Y + ir+gD'(Y + l)^ (D55) 
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Note that, had the incompressible flow past a circular 
arc profile been determined according to the methods of 
the present paper, a discussion similar to the foregoing 
would have been necessary, with the result that kj^ - 8, 



kp = -kf k = 0, and 



^5 



= 0. 



Substituting from equations (D21) for Cn(0) and 
Go(0) into equation (DJO) gives 



20 20 — ? 26 , . .X 16 



= - ~- PD - ^ PD^ - ~ PD^ (y+ 1) - ^ PD- (y+ 1) 

- % PD^Cy-^ 1)^-1 Pd5{y+i)^ 



(D5U) 



The circulation in the incompressible case, obtained 

from equation (A5), is 



i ^ 



iTTiJa 



2h 



The circulation Te in the compressible cas'e, inclusive of 
terms containing tlie third pov/er of h, is obtained by 
adding the circulation term from equation (B9) to the 
value of V-r given by equation (Dji^) and multiplying 

the result by ktrUa. Thus, if D is replaced by 



[|.TrUa P 



= - h + 



+ ~ (y + 1) 

12 



2^l^.|(,.l)lLl4l(8.5p2) 
_3 p3 D p^ 

2 Lil_^ (51 . p2) j 



(D55) 



The circulation correction formula then becomes 

2 



r 



= 1 + 



i P 



ip.i^|i.i (,,.i)(i^ii£(8.5P'-) 



p5 



h2 



(D56) 



NAG A ARR No. U!.G15 



The first term on the right-hand side is .the familiar 
Prandtl-Glauert term so that the second term represents 
the first departure from the Prandtl-Glauert rule. 

The magnitude of the velocity at the surface of the 
circular arc profile is calculated by the use ol equa- 
tions (D26). Thus 



^^1 

q = l+h-^ + h 




+ h- 



2 6x \6y/ 



2 601, 60 2_ 



+ . . 



(D57) 



where, symbolically, 



dx "" cosh 2£, - cos 



2r, ( 



slnh t cos r\ |^-cosh S sin rj 1^"^ 



^ f ^Q3j^ I ain T) 17+ sirii g cos Ti |r ) 

dy cosh 21 - cos Zr, V 

and the expressions for 0^^, and 52(3 are given by 

equations (B9), (Dl?), axad (DI8). '^hen all the functions 
o^^ I and n are expressed as functions of ^ '='^^^^f 
su-fac- of the profile and terms involving powers of h 
M^J^han the^hird are neglected, the expression for < 

becomes 
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TABLE I 

RATIO OP CIRCITLATiaNS FOR COUFRESSIBIS AHD IBC01CPRB33IBLB FLOWS 







^\s. Ml 
Approxl- 


0.10 


0.20 


0.30 


0.40 


0.46 


0.50 


0.55 


0.60 


0.65 


0.70 


0.75 


0.80 


0.85 


0.90 


Prandtl- 
Qladert 


1.0050 


1.0206 


1.0483 


1.0911 


1.1198 


1.1547 


1.19V4 


1.2500 


1.3159 


1.4003 


1.5119 


1.6667 


1.8983 


2.2942 


h = 0.010 


ThlM 
▼on Kannus 


1.0050 
1.0050 


1.0206 
1.0206 


1.0483 
1.0483 


1.0912 
1.0911 


1.1200 
1.1199 


1.1550 
1.1548 


1.1978 
1.1976 


1.2508 
1.2503 


1,3172 
1.3165 


1.4029 
1.4013 


1.5170 
1.5135 


1.6766 
1.6692 


1.9348 
1.9025 


2.4603 
2.3030 


h = 0.015 


Third , 
won Kftrnum 


1*0061 
1.0060 


1.0207 
1,0207 


1.0484 
1.0484 


1.0913 
1.0913 


1.1202 
1.1208 


1.1553 
1.1563 


1.1984 
1.1983 


1.2517 
1.2511 


1.3189 
1.3175 


1.4059 
1.4026 


1.5234 
1.6152 


1.6940 
1.6720 


1.9804 
1.9078 


8.6680 
2.3142 


h = 0.020 


Third ^ 
Ton Karman 


1,0061 
1.0061 


1.0207 
1.0207 


1.0465 
1,0485 


1.0915 
1.0915 


1.1806 
1,1806 


1.1658 
1.1557 


1.1992 
1.1987 


1.2530 
1.2680 


1.3212 
1.3187 


1.4102 
1.4043 


1.5323 
1.5179 


1.7153 
1.6763 


2.0441 
1.9153 


2.9588 
2.3301 


h - 0«025 




Third 
von Kiirman 


1.0051 
1.0051 


1.0207 
1.0207 


1.0486 
1.0486 


1.0918 
1.0916 


1.1809 
1.1806 


1.1565 
1.1660 


1.2002 
1.1996 


1.2547 
1.2631 


1.3242 
1.3205 


1.4158 
1.4066 


1.5438 
1.5213 


1;7427 
1.6818 


2.1262 
1.9250 




h * 0.050 


Third 
von Karman 


1.0061 
1.0061 


1.0206 

1.9208 


1.0487 
1.0486 


1.0921 
1.0920 


1.1214 
1.1812 


1.1572 
1.1570 


1.2015 
1.2006 


1,2568 
1.2644 


1.3278 
1.3222 


1.4226 
1.4094 


1.5578 
1.5256 


1.7762 
1.6885 


2.2264 
1.9370 




b « 0.055 


Third ^ 
von Karman 


1.0061 
1.0051 


1.0208 
1.0208 


1.0488 
1.0486 


1.0925 
1.0922 


1.1880 
1.1816 


1.1581 
1.1575 


1.2030 
1.2017 


1.2593 
1.2560 


1.5321 
1.3245 


1.4307 
1.4127 


1.6744 

1.5306 


1.8157 
1.6966 


2.3449 
1.9514 




h « 0.040 


Third , 
von Herman 


1.0051 
1.0061 


1.0209 
1.0209 


1.0490 
1.0488 


1.0929 
1.0926 


1.1886 
1.1220 


1.1592 
1,1888 


1.2047 
1.2031 


1.2621 
1.2679 


1.5371 
1.3871 


1.4400 
1.41M 


1.6936 
1.6364 


1.8613 
1.7060 






h « 0.045 


Third , 
von Karman 


1.0061 
1.0061 


1.0210 
1.02iO 


1.0492 
1.0490 


1.0934 
1.0930 


1.1834 
1.1888 


1.1604 
1.1699 


1.2066 
1.2046 


1.2663 
1.2600 


1.3427 
1.3301 


1.4505 
1.4209 


i.6163 
1.5430 


1.9130 
1.7168 






h = 0.060 


Third ^ 
von Karman 


1.0061 
1.0061 


1.0210 
1.0210 


1.049^ 
1.0492 


1.0939 
1.0936 


1.1242 
1.1838 


1.1617 
1.1611 


1.2087 
1.2063 


1.2689 
1.2624 


1.3490 
1.3336 


1.4623 
1.4258 


1.6396 
1.5605 


1.9708 
1.7290 






h s 0.060 


Third , 
von Karman 


1.0052 
1.0062 


1.0212 
1.0210 


1.0499 
1.0496 


1.0952 
1.0950 


1.1262 
1.1260 


1.1648 
1.1640 


1.2137 
1.2102 


1.2773 
1.2679 


1.3636 
1.3413 


1.4895 
.1.4373 


1.6958 
1.5681 












h » 0-070 




Third , 
von Karman 


1.0062 
1.0052 


1.0214 
1.0212 


1.0505 
1.0500. 


1.0967 
1.0960 


1.1286 
1.1881 


1.1685 
1.1673 


1.2196 
1.2148 


1.2871 
1.2744 


1.3808 
1.3607 


1.5218 
1.4511 


1.7622 
1.5895 
















h = 0.080 




Third ^ 
von Karman 


1.0053 
1.0062 


1.0217 
1.0215 


1.0612 
1.0510 


1.0984 
1.0976 


1.1312 
1.1289 


1.1727 
1.1711 


1.2265 
1.2202 


1.2986 
1.2820 


1.4007 
1,3616 


1.5589 
1.4673 
































h = 0.090 








ThllHl, > 

von Karman 


1.0053 
1.0052 


1.0219 
1.0217 


1.0520 
1.0515 


1.1003 
1.1001 


1.1348 
1.1340 


1,1775 
1.1765 


1.2342 
1.2263 


1.3144 
1.2907 


1.4232 
1.3741 


1.6011 
1.4861 
























h = 0.100 








Third ^ 
von Karman 


1.0064 
1.0063 


1.0222 
1.0220 


1.0528 
1.0526 


1.1025 
1.1020 


1.1376 
1.1370 


1.1828 
1.1804 


1.2428 
1.2332 


1.3268 
1.3004 


>.44e4 

1.3883 


1.6482 
1.5076 
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TABLE II 

RATIO OP VSLOCITIES AT LBAMBO OR TRAILING £DGB PGR COMPRBSSIBLB AND INCOMPRESSIBLE PLOWS 











<»c/<>l 


Approxi- 
mation 


0.10 


O.SO 


0.30 


0.40 


0,45 


0.60 


0.55 


0.60 


0.65 


0.70 


0.75 


0.80 


0.85 


0.90 


0.95 






h B 0.010; (q.) ^ « 1/1.0004 
•* 6xac t 






Plpat 
Third 


1.0000 
1.0000 


1.0000 
1.0000 


1.0000 
1.0000 


1.0000 
.9999 


0.9999 
.9999 


0.9999 
.9998 


0.9999 
.9998 


0.9999 
.9997 


0.9999 
.9996 


0.9998 
.9994 


0.9998 
.9991 


0.9997 
.9985 


0.9996 
.9973 


0.9995 
.9939 


0.9991 
.9757 




h ■ 0.015 


' <^i^xact ' 


1/1.0009 








PI rat 
Third 


1.0000 
1.0000 


1.0000 
1.0000 


1.0000 
.9999 


0.9999 
.9998 


0,9999 
•9997 


0.9999 
.9996 


0.9998 
.9995 


0.9998 
.9003 


0.9997 
.9901 


0.9096 
.9086 


0.9995 
.9980 


0.9994 
.9967 


0.9992 
.9940 


0.9988 
;9863 


0.9980 
.9454 








h « 0.020; (qi>„„^. * 1/1.0016 


Plrat 
Third 


1.0000 
1.0000 


1.0000 
.9999 


0.9999 
.9998 


0.9999 
.9997 


0.9998 
.9995 


0.9998 
.9994 


0.9997 
.9991 


0.9996 
.9988 


0.9995 
.9983 


0.9994 
.9976 


0.9992 
.9964 


0.9989 
.9941 


0.9986 
.9893 


0.9979 
.9757 


0.9965 
.9028 


I 








h » 0.025; (qi>^jj^gt ■ 1/1 •0025 






Pirst 
Third 


1.0000 
1*0000 


1.0000 
.9999 


0.9999 
.9997 


0.9998 
.9995 


0.9997 
.9993 


0.9996 
.9990 


0.9995 
.9986 


0.9994 
.9981 


0.9992 
.9974 


0.9990 

.9962 


0.9987 
.9945 


0.9983 
.9908 


0.9978 
.9833 


0.9968 
.9620 


0.9945 
.8480 










a - 0.650; (qi)„,^^ • 


1/1.0036 










PlPit 
Third 


1.0000 
1.0000 


0.9999 
.9999 


0.9998 
.9996 


0.9997 
.9992 


0.9996 
.9990 


0.9994 
.9086 


0.9993 
.9980 


0.9001 
.9075 


0.9989 
.9962 


0.0986 
.0045 


0.9982 
• .9918 


0.9976 
.9867 


0.9968 
.9759 


0.9953 
.9452 


0,9921 
.7808 










h ■ O.OSS 


' exact - 1/1-00" 










Plrat 
Third 


1.0000 
• 9990 


0.9999 
.9998 


0.9998 
.9995 


0.9996 
.9990 


0.9994 
•0086 


0.9992 
.9980 


0.9990 
.9975 


0.9968 
.9963 


o.9oes 

.9048 


0.0080 
.0025 


0.9975 
.9886 


0.0967 
.9819 


0.9966 
.0672 


0.9937 
.9253 


0.9892 
.7013 




h- 0.040; (qi)„act* 


1/1.0064 










Plrat 
Third 


1.0000 
.9999 


0.9999 
.9997 


0.9997 
.9995 


0.9994 
.9986 


0,0908 
.9081 


0.9990 
.9974 


0.9987 
.9965 


0.9984 
.9982 


0.9980 
.9932 


0.9974 
.9903 


0.9967 
.9853 


0.9957 
.9763 


0.9943 
.9570 


0.9917 
.9023 


0.9859 
.6092 


h « 0.045; (qi)„ggt » 1/1.0081 


Plrat 
Third 


1.0000 
;9999 


0.9998 
.9997 


0.9996 
.9991 


0.9993 
.9983 


0.0990 
.9976 


0.9988 
.9967 


0.9984 
.9955 


0.9980 
.9939 


0.9974 
.9914 


0.9968 
.9876 


0.9959 
.9814 


0.9946 
.9700 


0.9927 
.9455 


0.9895 
.8761 


0.9822 
.5046 


b ■ 0.050; (<li)„.ct « 1/1.01 










Plrat 
Third 


1.0000 
.9999 


0.9998 
.9996 


0.9995 
.9989 


0.9991 
.9979 


0.9988 
.9970 


0.9985 
.9960 


0.9980 
.9945 


0.9975 
.9924 


0.9968 
.9894 


0.9960 
.9847 


0.9949 
.9770 


0.9933 
.9629 


0.9910, 
.9326 


0.9871 
.8468 


0.0760 
.3672 


h « 0.060; (q*) ^ « 1/1.0144 
•*■ exac t 


Plrat 
Third 


0.9999 
.9999 


0.9997 
.9994 


0.9993 
.9985 


0.9987 
.9969 


0.998S 
•9997 


0.9978 
.9942 


0.9072 
.9920 


0.9964 
.9890 


0.9955 
.9846 


0.9942 
.9779 


0.9926 
.9667 


0.9904 
.9465 


0.9871 
.9025 


0.9814 
.7784 


0.9663 
.1157 




h « 0.070 


^^l^exact = 1/1-0196 












Plrat 
Third 


0.9999 
.9998 


0.9996 
.9991 


0.9991 
.9979 


0.9982 
.9958 


0.9977 
•9942 


0.9970 
.9920 


0.9961 
.9891 


0.9951 
:9850 


0.9938 
.9790 


0.9922 
.9697 


0.9900 
.9545 


0.9869 
:9266 


0.9624 
.8666 


0.9746 
.6968 


0.9568 


h • 0.080; (qi)„^gt " 1/1-0256 


Plrat 
Third 


0.9999 
.9997 


0.9995 
.9989 


0.9938 
.9973 


0.9977 
.9944 


0.9969 
•9923 


0.9960 
.9895 


0.9950 
.9856 


0.9936 
.9802 


0.9919 
.9723 


0.9898 
.9602 


0.9869 
.9402 


0.9829 
.9035 


0.9770 
.8247 


0.0669 
.6015 


0.9436 


h « 0.090; (qi)„ftct ' 1/1.0524 


Plrat 
Third 


0.9998 
.9997 


0.9995 
.9986 


0.9984 
.9965 


0.9971 
.9929 


0.9961 
.9902 


0.9950 
.9866 


0.9936 
.9817 


0.9919 
.9748 


0.9898 
.9648 


0.9870 
.9493 


0.9834 0.9784 
.92371 .8770 


0.9709 
.7766 


0.9581 
.4921 


0.9286 


h « O.lOOj (q.) « 1/1.04 
I exact 


Plrat 
TJilrd 


0.9998 
.9996 


0.9992 
.9982 


0.9981 
.9956 


0.9964 
.9912 


0.9952 
.9878 


0.9938 
.9833 


0.9921 
.9772 


0.9900 
.9687 


0.9874 
.9561 


0.9840 
.9369 


0.9795 
.9051 


0.9733 
.8469 


0.9641 
.7221 


0.9482 
.3680 


0.9119 
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TABLE III 



HATIO OF I4AXIMDM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS 





qmaxg/qmaxi 


Ml 

Approxl- 
aation 


0.10 


0.20 


0.30 


0.40 


0.45 


0.50 


0,55 


0.60 


0.65 


0.70 


0.75 


0.80 


0.85 


0.90 


0.95 


h = 0.010; (qi)j = 1.04} {qi)2 = 1.0404; iq^)^ = 1.0404; (qi)exact ' ^'O^O* 


First 

Second 

Third 


1.0002 
1.0002 
1.0002 


1.0008 
1.0008 
1.0008 


1.0019 
1.0020 
1.0020 


1.0035 
1.0037 
1 .0038 


1.0046 
1.0049 
1.0050 


1.0060 
1,0064 
1.0064 


1.0076 
1.0082 
1.0083 


1.0096 
1.0105 
1.0105 


1.0122 
1.0134 
1.0135 


1.0154 
1.0171 
1.0173 


1.0197 
1.0223 
1.0227 


1.0256 
1.0299 
1.0307 


1.0346 
1.0422 
1.0446 


1.0498 
1,0673 
1.0779 


1,0847 
1,1547 
1,2829 


h = 0.015; 


(qi)i = 


1.06; {qi)2 = 


1.0609 


(qi), = 1.0609; (qi)exact = ^-0609 


First 

Second 

Third 


1.0003 
1.0003 
1,0003 


1.0012 
1.0013 
1.0013 


1.0027 
1.0030 
1.0030 


1.0052 
1.0057 
1.0057 


1.0068 
1.0075 
1.0076 


1.0088 
1.0098 
1.0098 


1.0112 
1.0126 
1.0127 


1.0142 
1.0161 
1.0162 


1.0179 
1.0205 
1.0209 


1.0227 
1.0265 
1.0271 


1.0290 
1.0347 
1,0359 


1.0377 
1.0471 
1.0498 


1.0509 
1.0678 
1.0758 


1.0733 
1.1118 
1.1469 


1.1247 
1.2790 
1.7034 


h = 0.020; (qi)i = 1.08; (qi)2 = 1.0816; (q^jj = 1.0815; (qi)exact = 1-0815 


First 

Second 

Third 


1.0004 
1.0004 
1.0004 


1.0015 
1.0017 
1.0017 


1.0036 
1.0040 
1.0041 


1.0068 
1.0077 
1.0077 


1.0089 
1.0102 
1.0103 


1.0115 
1.0132 
1.0134 


1.0146 
1.0170 
1.0173 


1.0186 
1.0218 
1.0222 


1.0234 
1.0280 
1.0288 


1.0297 
1.0363 
1.0377 


1.0379 
1.0480 
1.0507 


1.0494 
1.0656 
1,0720 


1.0665 
1.0961 
1.1146 


1.0957 
1 . 1630 
1.2448 


1.1631 
1.4321 
2.4191 


h = 0.025; (qi)^ = 1.10; (q^g = 1.1025; {q^) ^ = 1.1024; (qi)exact = 1-1024 


First 

Second 

Third 


1,0005 
1.0005 
1.0005 


1.0019 
1.0022 
1.0022 


1.0044 
1.0051 
1.0052 


1.0083 
1.0097 
1.0098 


1.0109 
1.0129 
1.0130 


1.0141 
1.0168 
1.0171 


1.0179 
1.0216 
1.0221 


1.0227 
1.0278 
1.0286 


1.0287 
1.0358 
1.0372 


1.0364 
1.0466 
1.0492 


1.0465 
1.0619 
1.0671 


1.0606 
1.0855 
1.0976 


1.0817 
1.1269 
1.1624 


1.1177 
1.2206 
1.3772 


1.2002 
1.6308 
3.4221 


h = 0.030; (qi)j = 1.12; iq^)^ = 1.1236; {q^) ^ = 1.1234; (qi)„act 1-1234 


First 

Second 

Third 


1.0005 
1.0006 
1.0006 


1.0022 
1.0026 
1.0026 


1.0052 
1.0062 
1.0063 


1.0098 
1.0118 
1.0120 


1.0128 
1.0156 
1.0159 


1.0166 
1.0204 
1.0209 


1.0212 
1.0263 
1.0272 


1,0268 
1.0339 
1 ,0353 


1.0359 
1.0439 
1.0462 


1.0429 
1.0573 
1.0616 


1.0548 
1.0766 
1.0854 


1.0714 
1.1065 
1.1271 


1.0963 
1.1601 
1.2203 


1.1387 
1.2840 
1,5496 


1.2360 
1.8183 
5,0253 


h = 0.035: . (qi) = 


1.14; (qi)2 = 1.1449; (qi)^ = 1.1446; (qi)exact = 1-1446 


First 

Second 

Third' 


1.0006 
1.0007 
1.0008 


1.0025 
1.0031 
1.0031 


1.0059 
1.0073 
1.0074 


1.0112 
1.0139 
1.0142 


1.0147 
1.0184 
1.0189 


1.0190 
1.0241 
1.0248 


1.0242 
1.0312 
1.0324 


1.0307 
1.0402 
1.0423 


1.0388 
1.0522 
1.0558 


1.0492 
1.0684 
1.0752 


1.0629 
1.0918 
1 . 1056 


1.0819 
1.1287 
1.1608 


1.1103 
1.1955 
1.2894 


1.1589 
1.3530 
1.7670 


1,2705 
2.0483 
7.0467 


h = 0.040; (qi)j = 1.16j (qi)2 = 1.1664; {qi)^ = 1.1659; (q^exact ' 


: 1.1659 






First 

Second 

Third 


1.0007 
1.0009 
1,0009 


1.0028 
1.0035 
1.0036 


1.0067 
1.0084 
1.0085 


1.0126 
1.0160 
1.0165 


1.0165 
1.0213 
1.0220 


1.0213 
1.0278 
1.0290 


1.0272 
1.0361 
1.0379 


1.0345 
1.0467 
1.0498 


1.0436 
1.0607 
1.0660 


1.0552 
1.0798 
1.0898 


1.0706 
1.1077 
1.1279 


1.0920 
1.1519 
1.1990 


1.1239 
1.2330 
1.3706 


1.1785 
1.4272 
2.0339 


1.3038 
2.3007 
9.6255 


h ^ 0.045; (qi)^ » 1.18; (q^g ' 1.1881; (q^)^ = 1,1874; (qi)ej5act ' I'l^"'* 


First 

Second 

Third 


1.0008 
1,0010 
1.0010 


1.0032 
1.0040 
1.0041 


1.0074 
1.0095 
1.0097 


1.0139 
1.0182 
1.0188 


1.0185 
1,0241 
1.0252 


1.0236 
1.0316 
1.0332 


1.0301 
1.0411 

1.0437 


1.0381 
1.0533 
1.0576 


1.0482 
1.0694 
1.0769 


1.0611 
1.0916 
1.1055 


1.0781 
1.1241 
1.1523 


1.1017 
1.1762 
1.2420 


1.1370 
1.2725 
1.4649 


1.1974 
1.5063 
2.3545 


1.3360 
2.5745 
12.8152 


h = 0.050; (qj)^ « 1.20; iq^) ^ = 1.2100; iq^)^ = 1.2090; (qi)ej^act " 1-2089 


First 

Second 

Third 


1,0008 
1.0011 
1,0011 


1.0634 
1.0045 
1.0046 


1.0081 
1.0106 
1.0109 


1.0152 
1.0203 
1.0212 


\ 

1.0200 
1,0270 
1.0284 


1.0258 
1.0355 
1.0377 


1.0329 
1.0462 
1.0497 


1.0417 
1.0600 
1.0658 


1.0527 
1.0783 
1.0884 


1.0667 
1.1037 
1.1224 


1.0853 
1.1411 
1.1791 


1.1111 
1.2013 
1.2900 


1.1497 
1.3139 
1.5731 


1.2157 
1.5900 
2.7327 


1.3671 
2.8682 
16.6647 


h = 0.060; (qi)^ = 1.24; (q^) ^ = 1.2544; (qj_)j 


= 1.2527; (qj) 


exact 


1.2625 






First 

Second 

Third 


1.0010 
1.0013 
1.0014 


1.0040 
1.0054 
1.0056 


1.0094 
1.0129 
1.0135 


1.0176 
1.0247 
1.0262 


1.0232 
1.0330 
1,0353 


1.0299 
1.0434 
1.0470 


1.0382 
1.0566 
1.0625 


1.0484 
1.0737 
1.0835 


1.0611 
1.0967 
1.1136 


1.0775 
1.1288 
1.1599 


1,0991 
1.1764 
1.2398 


1.1290 
1.2541 
1.4021 


1.1739 

1.4016 
1.6341 


1.2505 
1.7700 
3.6761 


1.4263 

3.5106 
26.5210 


h = 0.070; (q^)^ « 1.28; iq^) ^ = 1.2996; iq^) ^ = 1.2969; (qi)^,,^^^ 1*2965 


First 

Second 

Third 


1.0011 
1.0016 
1.0016 


1.0045 
1.0064 
1.0067 


1.0106 
1.0151 
1.0161 


1,0199 
1.0292 
1.0315 


1.0262 
1,0391 
1.0426 


1.0338 
1.0514 
1.0570 


1.0432 
1.0673 
1.0763 


1.0547 
1.0879 
1.1028 


1.0691 
1.1157 
1.1416 


1.0876 
1.1548 
1.2027 


1.1120 
1.2133 
1.3106 


1.1458 
1.3099 
1.5371 


1.1965 
1.4954 
2.1589 


1.2831 
1.9651 
4.8892 


1.4816 
4.2193 
39.5150 


h = 0.080; iqi)^ « 


l,52j (qi)2~= 1.3456; {qi)^ =,1.3415; (qi) 


exact 


1.3409 






First 

Second 

Third 


1.0012 
1.0018 
1.0019 


1.0050 
1.0073 
1.0078 


1.0117 
1.0175 

1.0188 


1.0221 
1.0338 
1.0371 


1.0290 
1,0452 
1.0504 


1.0375 
1.0596 
1.0678 


1.0479 
1.0761 
1.0912 


1.0606 
1 . 1024 
1.1240 


1.0766 
1.1352 
1.1776 


1.0970 
1.1816 

1.2508 


1.1241 
1.2517 
1.3923 


1.1616 
1.3682 
1.6963 


1.2178 
1.5944 
2.5522 


1.3137 
2,1735 
6.3937 


1.6339 
4.9863 
55.9220 


h = 0.090; (qi)j^ = 1.36; Uilg = 1.3924; (.<li) ^ 


= 1.3866; i<lO exact = 


1.585'3 








First 

Second 

Third 


1.0015 
1.0020 
1.0022 


1.0055 
1.0083 
1.0090 


1.0128 
1.0198 
1.0217 


1 .'0241 
1.0384 
1.0430 


1.0317 
1.0514 
1.0586 


1,0409 
1.0679 
1.0792 


1.0522 
1.0892 
1.1072 


1.0662 
1.1172 
1 . 1470 


1.0836 
1,1552 
1.2068 


1.1060 
1.2092 
1.3047 


1.1355 
1.2913 
1.4651 


1.1765 
1.4288 
1.8610 


1.2378 
1.6979 
3.0178 


1.3426 
2.3934 
8.2079 


1.5830 
5.8044 
7S.974C 




h = 0.100; (qi)j^ = 1.40; (qi)2 = 1.4400; (qi)3 = 1.4320; (Qi) exact ' 1-^307 


First =1.0014' 1.0059 
Second '1.0022; 1 .0093 

Third il.0024f 1.0102 

1 ? . ... 


1.013B 
1.0221 
1.0247 


1.0260 
1.0430 
1.0491 


1.0342 1 1.0442 
1.0577 1.0763 
1.0672 1.0913 


1.0564 
1.1004 
1,1244 


1.0714 
1.1321 
1.1718 


1.0903 
1.1755 
1.2442 


1.1144 
1.2374 
1.3643 


1.1462 
1.3320 
1.5696 


1.1905 
1.4914 
2.0923 


1.2567 
1.6054 
3.5691 


1.3697 
2.6235 
10.3480 


1.6293 
6,6672 
99.8730 
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RATIO OP HINIHim VELOCITIES FOB COUPRESSIBLS AND INCOUFRESSIBLB FLOIVS 





^mlnc/^mlni 


Approxi- 
mation 


0.10 


0.20 


0.30 

S. 


0.40 


0.4S 


0.50 


0.55 


0.60 


0.65 


0,70 


0.76 


0.80 


0.85 


0.90 


0.95 


h = 0.010; (qj^)^ « 0.96J (q^jg = 0.9604; ^ = 0.9604; Ui)gjjact ~ 


Plrat 

Second 

Third 


0.9998 
.9998 
.9998 


0.9991 
.9992 
.9992 


0.9980 
.9981 
.9981 


0.9962 
.9965 
.9965 


0.9950 
.9954 
.9954 


0.9936 
.9941 
.9940 


0.9918 
.9925 
.9924 


0.9896 
.9904 
.9904 


0.9868 
.9882 
.9881 


0.9832 
.9852 
.9850 


0.9787 
.9815 
.9812 


0.9722 
.9768 
.9759 


0.9626 
.9709 
.9683 


0.9461 
.9651 
.9535 


0.9082 
.9841- 
.8451 


h = 0.015; iq^)^ ■ 0.941 (^1)2.= 0-94095 {qi)^ = 0.9409; (qi)e3tact ~ 0*^*09 


First 

Second 

Third 


0.9997 
• 9997 
.9997 


0.9987 
.9988 
.9988 


0:9969 
.9972 
,9972 


0.9942 
.9948 
.9948 


0.9924 
.9932 
.9932 


0.9901 
.9913 
.9912 


0.9874 
.9900 
.9889 


0.9840 
.9860 
.9858 


0.9798 
,9829 
,9825 


0.9745 
.9788 
.9780 


0.9673 
.9739 
.9726 


0.9575 
.9680 
.9650 


0.9427 
.9619 
.9529 


0.9174 
.9605 
.9214 


0.8594 
1.0336 
.5551 


b = 0,020; (qi)j « 


0,92|. (qi)2 = 0.9216; (q^)^ = 0.9217; (qi)„act 0.9217 


First 

Second 

Third 


0.9996 
.9996 
.9996 


0.9982 
.9984 
.9984 


0.9958 
.9964 
.9963 


0.9921 
.9932 
.9931 


0.9896 
.9911 
.9910 


0.9866 
.9187 
.9885 


0.9828 
.9857 
.9854 


0.9783 
.9818 
,9813 


0,9725 
.9781 
♦9772 


0.9652 
.9731 
.9716 


0.9555 
.9674 
.9643 


0.9420 
.9513 
.9538 


0.9219 
.9568 
.9350 


0,8875 
.9667 
,8708 


0.8085 






h s 0,025; {<li)^ * 


0.901 (qi)2 = 


0,9026; (qi)j 


= 0.9026; (qi)„^,, = 


= 0.9026 






First 

Second 

Third 


0.9994 
• 9995 
.9995 


0.9977 
.9981 
.9981 


0.9946 
.9955 
.9955 


0.9899 
• .9917 
.9915 


0,9867 
• 9892 
.9889 


0.9828 
.9862 
.9858 


0.9781 
,9827 
,9821 


0,9722 
•9779 
,9760 


0,9649 
•9738 
.9721 


0.9555 
• 9682 
.9651 


0,9431 
.9622 
.9559 


0.9259 
.9567 
.9418 


0.9002 
.9559 
.9126 


0.8562 
,9827 
,7914 


0.7553 


h = 0.030; (qi)^ ■ 0.88| (qi)g = 0.8836; (qi)^ = 0.88385 <qi) exact ^ 0-8838 


First 

Second 

Third 


0.9993 
.9994 
.9994 


0.9972 
.9977 
.9977 


0.9934 
.9947 
.9946 


0.9876 
.9902 
.9900 


0.9837 
.9873 
.9869 


0.9789 
.9839 
.9833 


0.9731 
,9799 
.9789 


0.9669 
.9742 
•9725 


0.9669 
.9700 
.9670 


0.9454 
,9642 
.9687 


0.9302 
.9583 
.9472 


0.9091 
.9544 
.9282 


0.8775 
.9595 
.8830 


0,8235 
1,0006 
,6721 


0.6997 


h = 0.035; (qi)j^ « 0.86; (qi)^ = 0.8649; (qijg = 0.8668; (qi)„act * ^•8652 


First 

Second 

Third 


0.9992 
.9994 
•9994 


0.9966 
.9974 
.9973 


0.9921 
.9940 
.9938 


0.9852 
,9889 
.9885 


0.9805 

• 9856 

• 9849 


0.9748 
.9818 
.9807 


0.9679 
.9773 
.9757 


0.9593 
,9709 
.9681 


0.9486 
.9668 
,9620 


0.9348 
.9610 
.9521 


0.9167 
.9559 
.9377 


0,8915 
.9545 
.9121 


0.8538 
.9680 
.8439 


0.7893 
1,0483 
,5006 


0.6415 


h = 0.040; (qi)j^ = 0.84; (qi)2 = 0.8464; 


(qOz = 0,8469; (qi)„act = 


0.8469 






First 

Second 

Third 


0.9990 
.9993 
.9995 


0.9961 
.9971 
.9970 


0.9908 
.9933 
.9930 


0,9827 
,9876 
.9870 


0,9772 
• 9840 
•9830 


0.9705 
.9798 
,9783 


0.9624 
.9751 
.9726 


0.9524 
.9679 
,9637 


0.9398 
.9642 
.9569 


0.9238 
.9687 
.9451 


0.9025 
.9549 
.9273 


0.8730 
.9573 
.6926 


0.8289 
.9815 
.7922 


0.7535 
1,0994 
,2645 


0.5805 


h = 0.045; (qi)j^ » 0.82| (qi)^ = 0.8281; (qjjj = 0.8288; (qi)„act ^ 0.8288 


First 

Second 

Third 


0,9989 
.9992 
.9992 


0.9955 
.9968 
.9967 


0.9894 
.9926 
.9922 


0.9800 
.9864 
.9865 


0.9737 

• 9826 

• 9811 


0.9660 
.9781 
,9758 


0.9567 
,9731 
.9695 


0.9451 
.9653 
.9592 


0.9307 
.9622 
,9516 


0.9121 
.9574 
.9377 


0.8876 
.9556 
.9154 


0.8537 
.9629 
.8688 


0.8028 
1.0005 
.7251 


0.7159 


0.5165 


h = 0.050; (qi)^ - 0.80| (qi)2 = 0.8100; (q^) ^ = 0.8110; (qi)^^^,. = 0.8109 


First 

Second 

Third 


0.9987 
,9991 
.9991 


0.9948 
.9965 
.9963 


0.§879 
.9920 
,9914 


0 . 9772 
.9854 
.9841 


0.9701 
.9813 
.9793 


0.9613 
.9766 
.9734 


0.9507 
.9715 
.9664 


0.9375 
.9631 
.9545 


0,9210 
,9610 
,9461 


0.8999 
.9573 
.9296 


0.8720 
.9580 
.9016 


0.8333 
.9715 
.8395 


0.7754 
1.0253 
.6392 


0.6765 


0.4494 


h = 0.060; (qOi « 0,76; (qi)2 = 0.7744; iq^z = 0.7761; (qi)exact = 0.7759 


First 

Second 

Third 


0,9984 
•9990 
.9989 


0.9935 
,9960 
,9957 


0.9848 
.9909 
.9900 


0,9712 
.9836 
.9813 


0.9622 
•9792 
.9756 


0.9512 
.9744 
,9686 


0.9377 
.9693 
.9601 


0.9211 
.9645 
.9491 


0.9002 
.9608 
.9339 


0.8736 
.9604 
.9105 


0 . 8384 
.9684 

-.8666 


0.7695 
.9984 
.7600 


0.7163 
1.0937 
.3964 


0.5913 


0.3045 


h = 0.070; (qOi 0.72; (qi)2 = 0.7396; (qi)^ = 0.7423; (qi)e:iftct = 0.7419 


First 

Second 

Third 


0.9980 
• 9989 
.9988 


0.9920 
,9956 
,9951 


0.9812 
•9901 
.9885 


0.9646 
.9824 
.9786 


0«9534 
.9779 
•9719 


0.9398 
.9732 
,9637 


0.9232 
,9687 
.9534 


0.9028 
.9652 
.9396 


0.8772 
•9641 
.9195 


0.8443 
.9689 
.8859 


0,8010 
,9873 
.8181 


0.7407 
1.0397 
.6438 


0,6507 
1,1003 

:0322 


0.4967 


0.1435 


h = 0.080; (qi)^ * 0.68j (qi)2 - 0.7056; (qi)^ = 0.7097; (qi)„act = 0.7090 


First 

Second 

Third 


0,9976 
.9988 
.9986 


0.9903 
-.9953 
.9945 


0,9773 
.9895 
.9871 


0.9571 
.9818 
.9758 


0.9436 
.9775 
.9681 


0.9272 
.9734 
.9585 


0,9071 
.9700 
•9459 


0.8824 
.9665 
.9285 


0.8513 
.9713 
.9016 


0.8116 
,9833 
.8537 


0.7691 
1.0158 
• 7515 


0.6863 
1.0976 
.4790 


0,5773 


0.3910 


0.0365 




h = 0,090; {qi)j^ ■ 


0.64; (qOg = 0.6724; iq^)^ = 0.6782; (qi)exact 0.6771 


First 

Second 

Third 


0.9972 
.9988 
.9985 


0.9884 
.9951 
.9939 


0.9728 
.9893 
.9857 


0.9488 
.9819 
.9730 


0.9326 
.9782 
.9642 


0.9130 
.9750 
.9528 


0.8890 
.9733 
.9375 


0.8594 
.9749 
.9152 


0.8223 
,9831 
.8790 


0.7748 
1.0046 
.8113 


0.7121 
1.0552 
.6611 


0.6250 
1.1742 

.2520 


0.4947 


0.2720 


0.2389 






h = 


1.000; (q^)^ = 0.60; (q^) ^ = 0.6400; (q^) ^ = 0.6480; (qi)^^^^^ = 0.6462 


First 

Second 

Third 


0,9966 
.9988 
.9984 


0.9863 
.9951 
.9933 


0,9678 
.9895 
.9843 


0.9393 
.9829 
.9700 


0.9202 
.9800 
.9599 


0.6969 
.9783 
.9464 


0.8684 
.9791 
.9276 


0.8333 
.9848 
.8990 


0.7894 
1.0000 
.8504 


0.7331 
1.0338 
.7559 


0.6588 
1.1071 
.5407 


0.5555 


0,4011 


0.1372 


0.4684 

:::::: 1 



NATIONAL ADVISORY 
COMMITTEE FOR AERONAUT ICS 



NACA ARR 



No. 



L4Gr5 



65 



8 1 



CO 



ITS 



o 

GO 



o 



9 



g 



h9 



m 
o 

3 

O 



!5 

> 
CO 

g 

o 
to 

g 

> 



8 



CO 



d 



d 



d 



o 
d 



CO 



o 



-It 



o 
d 



CO 
C7N 



o 

O 



O 

o 
o 



c 



•H <M 

ON 



ITS 



CO 



s 

00 
CM 



GO 



vO 
CO 

GO 



s 

CO 



GO 
GO 



ON 



(VJ 



o 



00 
CM 
GO 
ITS 



CO 
fM 
O 



ON 
NO 



<M 



NO 

<M 



o 



NO 

O 



co 

ON 



ON 
ON 



3 

O 

OJ 



CO o -4 

s ^ I 



CO 



3 § 



s 



ON 

I 



3 



NO 



NO 

CO 



o 



04 

ON 

ON 



o 



I 



CO 

p 



NO 
NO 



00 

s 

CN 



NO 
ON 



o 

21 



I 



GO. 



CO 

o 



5 

On 



ITN 
00 



s 



ON 

On 



VO 



o 
o 
o 
o 
o 



O OJ 

ON 00 



CM 

ON 



NO 



s 

NO 



o 

NO 



fM 



00 
CO 

NO 



o 

ON 



ON 



5 



i 

00 



9> 

NO 



ON 
NO 



CO 



6 CO 

>J5 iTv 



I 



ri 



NO 



s 



5 

NO 



CM 
OJ 



NO KN C\J 

iH r-l 3 

r- K> >-4 



OJ 



m K\ iTv 

5 lo ^ 



5 



-d- 

ON 
NO 



GO 



-d 



00 
On 
CM 



00 
CM 



ON 

& 
CM 



3 



00 

ON 



NO 

CM 



S 



S s 



Q 



O 



O 

o 

o 

8 



UN 

NO 

o> 



ON 

OJ 
On 



CM 

NO 

,OI 
CO 



ON 
vO 



4^ 

nO 
sO 
vO 



OJ 

?> 

CO 



o 

C7N 
CM 



nO 



00 



NO 
ON 

CO 



x6 CM 











OJ 




CO 


OJ 




NO 






U> 


rOv 




NO 


NO 



00 
CM 



s 



-d- 



NACA ARR No. L4G15 

✓ 

TABLB VT 

VALUES OP CRITICAL STREAM MACH NUMBER FOR VARIOUS 
VALUES OP CAMBER COEPPICIENT 



- 

h 


Ml 

••■CP 


Approxlmatl on 


First 


Second 


Third 


0.02- 


0.8U8 


0.832 


0.825 


.ok 


.770 


.746- 


.738 


.06 


.716 


.682 


.672 


.08 


.670 


.628 


.620 


.10 


.625 


.585 


57k 



TABLB VII 

VALUES OF MAXIMUM VELOCITY POR CORRBSPONDINO BUMP 
AND CIRCULAR ARC PROFILE 







H 


Camber coefficient h 


'f 


Thickness coefficient \ 


b 




0.02 


0.04 


0.06 


0.08 


0.10 


0.052 


0.100 


0.11^5 


0.186 


0.226 


0 

.2 
.5 

•u 
.5 

.6 

.7 
.8 
.9 


1.0815 
I.033I4. 
I.C859 
1.0899 
1.0960 
1.1056 
1.1223 
I.I59U 
1.2055 


1.1659 
1.1701 

1.1759 
1.1851 

1.1997 
1.2239 
1.2705 
1.3979 


1.2527 
1.2597 
1.2695 
1.2855 
1.3116 
1.3572 
1.4530 


1.3415 
1.3520 
1.3668 
1.3913 
1.4324 
1.5078 
1.6780 


1.1;520 
1.1l[^.66 

i.l;673 
1.5024 
1.5627 
1.6780 


I.C816 
I.C83U 
1.0859 
1.0900 

1.0959 
1.1052 

1.1213 

1.1557 
1.1960 


1.1660 
1.1701 

1.1757 

I.l81|7 
1.1988 

1.2217 

1,261^0 

1.3701 


1.2527 
1.2595 
1.2689 
1.28U0 
1.308U 
l.3lf92 
1.1+298 


1.3U1I; 
1.3513 
1.3651 
1.3876 
l.li2l^5 

i.l;879 
1.6197 


1.14.320 

1.1+454 
1.4641 
1.4950 
1.5U67 
1-6375 
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Plgxare Ratio of circulations for compressible and incom- 
pressible cases as a function of stream Mach number. 
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Figure 2-*-- Continued * 
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Figure 2.- Continued, 
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Plgtire 2.- Continued. 
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Pigv?r/3 2.- Continued.- 



NACA ARR No. L4G15 



Pig. 2f 



2.a 



/.8 



/.6 



















1 1 

3 Zl 






^onc 


1tl - 


Glo 


uen 
sent 






1 




2 von Kormon 




oer 










ISUh 


rs or 


pre 
























- 


( 


f) h 


'0,0i 












t 


















H — 


- 














• 


























































- 




















J 










































natI 


ONAL A 
EE FOR / 


)VISORY 
lERONAU' 


ICS 



.4 



Figure 2.- Continued, 
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Fig\ar,e 2.- Continued. 
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Figure 2.- Continued 
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Figure 2.- Continued. 
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Figure 2,- Concluded. 
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Figure 3.- Ratio of circulations for compressible and incom- 
pressible cases as a function of camber coefficient, 

NATIONAL ADVISORY 
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Figure I4..- Ratio of velocities for compressible, and incom- 
pressible cases as a function of stream Hach nximber. 
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Figvire k.*' Continued 
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Figure k-.^ Continued. 
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Plg\jre \\..^ Continued. 
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Figure i;.- Concluded. 
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COMMIHEE FOR AERONAUTICS 
Figure 5.- Critical Mach nioraber as a f\inction of camber coefficient. 
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Figure 6*«- Maximum and minimum velocities as functions of 

stream Hach number. 
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Figure 7*- Velocity distribution at upper and lower surfaces 
of circular arc profile ^ h = for various values of 

stream Mach n\;uiiber« 
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